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Abstract.   

This paper discusses the possibility of exploiting price variations that may occur during 

the survey period of any household expenditure surv ey in order to identify heterogeneous 

demand responses to discrete price changes. This is  feasible since expenditure surveys 

usually contain a large number of observations. The  principal difficulty for estimation 

arises from the observation window in the sampling process which generates the data. We 

illustrate the approach in the case of the demand f or lottery tickets. We propose a reduced 

form model of purchase, which allows identification  of heterogeneous responses to changes 

in the rollover state (i.e. whether last week’s jac kpot has been added to the current 

jackpot). We establish that heterogeneous responses , in the form of a mixing distribution, 

can be identified from the available data, and we d escribe the EM algorithm used to 

estimate the parameters of the mixing distribution.  Our estimates imply that there is 

substantial heterogeneity in the population both in  the normal expenditure levels and in 

the reaction to a jackpot rolled over. 
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1 Introduction   

Many household surveys record individual expenditur e over a limited period, usually in 

order to measure the annual outlay. For example, th e UK Family Expenditure Survey 

(FES) and the French ‘‘Enquête Budget des Familles’ ’ record individual expenditure in 

households over two consecutive weeks. In particula r, the UK FES collects weekly 

expenditure diaries for every individual in a house hold aged above 12. Hence, the 

repeated observation of individual weekly expenditu re allows the measurement of 

individual responses to changes in economic circums tances (e.g. price variations), 

provided the changes are observed and can be exactl y dated. Furthermore, since 

expenditure surveys usually cover a large number of  households (well over 10000) and 

thus individuals, it is possible to measure the deg ree of heterogeneity of the individual 

responses to these changes. Moreover, government-ad ministered expenditure surveys are 

not the only ones that can be analysed this way. It  is also applicable to the analysis of 

commercial surveys where individual expenditures le vel are recorded before and after 

some meaningful change, for example to assess the s uccess of an advertising or a 

promotion campaign for a product. 

In this paper we demonstrate the feasibility of suc h an approach on the sample of adults 

(over 16) surveyed in the UK FES. We concentrate on  the individual demand for UK 

National Lottery tickets over the period November 1 994 to March 1996. The change we 

focus on is whether or not a particular draw is a r ollover. This occurs if no participant won 

the jackpot prize in the previous draw in which cas e the jackpot prize pool for that draw is 

added (‘‘rolled over’’)  to the jackpot prize pool in the current draw. Using such events has 

several advantages. They are well defined, exogenou s, easily dated (during the sample 

period all draws occur weekly on a Saturday) and th e results of the draws are common 

knowledge. A rollover changes the structure of the return to a lottery ticket akin to a price 

variation. For example, among many characteristics of the prize distribution, the expected 

return of a ticket increases (for more on this see Farrell, Hartley, Lanot & Walker, 2000, 

Farrell & Walker, 1999, Walker, 1998, Cook & Clotfe lter, 1993). Hence, we are able to 

measure the difference in lottery expenditure betwe en a lottery draw with a rolled-over 

jackpot (rollover week), and a lottery draw without  one (normal week).  

The sampling frame complicates measurement, however . Because weekly expenditure 

diaries start on different days during the week, an d lottery draws over our sample period 



 
2 

always take place on Saturday, expenditures reporte d in diaries can in general be 

allocated to either of two consecutive draws. Since  we observe diaries over a two-week 

period, observed lottery ticket purchases can corre spond to three consecutive draws. This 

is illustrated as follows: 

Draws :         Saturday        Saturday        Sat urday 

Diary Start  |  |  |  | 

Purchase        2       3                         2     … 

The first diary week reports the total amount of ti ckets purchased : 2 + 3 = 5. This amount 

depends on the rollover status of two consecutive d raws. The second diary week, which 

reports an expenditure of 2, does not resolve the i ndeterminacy since it covers two draws 

as well. The reduced form model we propose here ena bles us to measure the effect of a 

rollover on expenditure using the weekly diary reco rds. 

The second section describes the distribution of th e observations given some simple 

assumptions about the frequency of weekly purchases . The third section explains the 

reduced form count data model as well as the type o f unobserved heterogeneity we 

consider and establishes the identification of the parameters of the model. The fourth 

section presents the Expectation/Maximisation Algor ithm that we use to obtain the 

estimates. The data is described and the estimation  results discussed in the final section.  

2 Data Sampling Process and Model 

We decompose the process that generates the purchas e of lottery tickets into two 

elements. First, we assume that purchase occurs onl y if the individual ‘‘comes in contact’’ 

with a retailer. A purchase of j tickets in draw week w  will occur with probability 

{ }0, 0,...,lp > Î ¥
w

j j , with 
0

1lp
¥

=

=� w

j

j

 and parameter l w  which summarises the dependence 

on the calendar week w . Moreover, we suppose that the purchases across dr aws are 

independently distributed conditional on l w  and 1l +w . Secondly, we assume that the 

purchase of lottery ticket occurs only once a week and that the probability that an 

individual who will meet a retailer does so on day k=1,…,7 is kp  where k=1 corresponds to 

Sunday, k=2 corresponds to Monday etc. The lottery draw takes p lace on Saturday, k=7. 

We write 0p , 0 0³p , for the probability that the individual does not meet a retailer. Hence 

time  
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( )
7

0 0
1

1 1
=

+ - =� k
k

p p p . Moreover, we assume that the amount purchased and  the meeting 

process are independent. Finally, we assume that th e , 0" >kp k  are known or can be 

obtained from other sources. 

Given the previous assumptions, the probability of observing the purchase of j  lottery 

tickets in a diary week which covers draws w and 1+w  is 

(1) 
11 10 0 [ 0] 0 0, ,

0,
0

( )( ) ( ) ( ) ,l ll l l lb a a a p b b p a b p p
++ +==

+ =
³
³

= + + + + + + + � w ww w w w

j j j l m
k k j k k k k k kk

l m j
l
m

P p p p p1  

where ( )
1

0
1

1b
-

=

= - �
k

k n
n

p p , 1 0b º , and ( )
7

01a
=

= - �k n
n k

p p , with k  the index for the first day 

of the diary week. The terms 0( )a+ kp and 0( )b+ kp  account for the absence of purchase 

within a diary week : either no contact with a reta iler has been made during the draw 

week, with probability 0p , or it has taken place outside the diary week, wit h probability 

a k  and bk . Obviously, even if a retailer has been met during  the diary week it is always 

possible that no purchase took place.  

When two successive diary weeks are considered, the  observations may cover three draw 

weeks: , 1+w w  and 2+w . Given the assumptions considered above, and in pa rticular the 

assumption about a unique purchase per draw week, t he probability of observing the 

purchase of 1j  tickets in the first diary week and 2j  tickets in the second becomes 

(2) 

( )( )

( ) [ ] ( )

( ) ( )

1 2 1

11 2

2 2

1 22 12

2

1 2

11 2 2

1

,
0 [ 0], , ,

0 0 0 00

0,
0

0 0

0,
0
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+ +

+ ++ +

++ +

==

==
+ =
³
³

=
+ =
³
³
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� �
� �+ + + + + +
� �
� �
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This expression shows the dependent nature of the o bservations, i.e. it is not possible to 

express 1 2

1 2

,
, ,l l l+ +w w w

j jP  as the product of two terms, depending only on the  expenditure in one 

diary week. Moreover equation (2) shows that diary expenditures depend on the rollover 
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status for each of the three draws covered. Note th at the sampling frame is enough to 

account for dependence over time. Nevertheless, sin ce we have a panel of 2 observations 

(which may cover the demand over three weeks) a nat ural approach is to allow for some 

unobserved heterogeneity in order to measure the im pact of rollovers on the demand for 

lottery tickets. 

3 Model Specification and Identification 

In week w, let wR  indicate the rollover state : 1wR =  if w is a rollover week, and 0 

otherwise. The elementary observable event we provi de a model for is : ‘‘individual 

i purchase 1j  tickets during the first diary week and 2j  tickets during the second, when 

the first observable draw week is week w , the first day of the diary week is day k  and the 

rollover states in the relevant three weeks are { }1 2, ,+ +w w wR R R ’’. In what follows we assume 

that the probabilities { } { }1...7k k
p

Î
are known, and that 0 1<p 1.We assume that conditional on 

the l w ’s the purchases in each draw week are independentl y distributed as Poisson 

variables with parameter l w . For individual i , we have  

(3) ( ), 1w i i w i wR Rl e x= - + , 

where ei  is an individual-specific effect describing indivi dual  i ’s average demand in non 

rollover weeks and xi  describes the average demand in rollover weeks 2. Note that 

( ) 2,e x +Î R . We denote the joint population distribution of th e individual specific effects 

{ },XE  by ( ) ( ) ( ), Probe x e x� �º E < Ç X <� �H . Let ( ) ( ),e eE º +¥H H  and ( ) ( ),x xX º +¥H H  

denote the marginal distributions. We assume that ( )0 1E <H , i.e. the mixture is not 

trivial. The individual contribution to the likelih ood for a generic individual is then: 

(4) ( ) ( )1 2

, 1, 2 ,

,
, 1, 2,, , ,0 0

, ; , ,l l l e x e x
+ +

+¥ +¥

+ +� � w i w i w i

j j
w i w i w ikP R R R dH , 

where 1 2

, 1, 2 ,

,
, , ,l l l+ +w i w i w i

j j
kP  is as defined in the previous section. 

1 The model is trivial if 0 1p = . 
2 Over a two week period individual characteristics are unlikely to change. Therefore we 
model the effect of individual characteristics (obs erved or unobserved) on demand as 
individual specific effects. 
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The first hurdle is to assess the separate identifi cation of ( ),e xH  and 0p . We show below 

that a single observation does not permit identific ation of the mixing distribution whereas 

a pair of observations in normal weeks allows us to  identify 0p  and the marginal 

distribution HE . This is fortunate, for otherwise we could not sep arately identify 0p  

and ( ),e xH . A similar argument allows the identification of HX . The proof is completed by 

showing that a pair of observations in weeks with d ifferent rollover states permits 

identification of the full mixing distribution H .  

Consider the easy case where we have ‘‘perfect’’ ob servations, i.e. draw weeks and diary 

weeks coincide: k=1. If we had a single perfect observation case with 0=wR , we would not 

be able to distinguish between a model where [ ] ( ) ( )1, , 0 00 1 exp
!e e

e
e=== + - -

j
j

jP p p
j

1  , 0 0>p , 

and the mixing distribution were ( )eEH , and a model where ( )1, , exp
!e e

e
e= -

j
jP

j
 is a Poisson 

distribution, and the mixing distribution were ( ) ( ) ( ) [ ]0 001 ee eE E= - +G p H p=1 . In the latter 

case, a theorem of Teicher (1961) proves that the m ixing distribution ( )eEG  is identified 

(Poisson family, with mixing parameter e ).  

However, two successive perfect observations allow us to distinguish between the models. 

Indeed we can derive a formula for 0p  from the moments of 1J  and 2J  (the random 

variables representing the weekly expenditure in th e two consecutive diary weeks), when 

0=wR  and 1 0+ =wR  (no rollover occurs in the two relevant weeks). Th e model implies that 

[ ] [ ] ( ) ( ) ( ) [ ]1 E 1 0 E 0E E E | 1 E E | 1 Ee e e eE
� �� � � �= E = = - E = = -� �� � � �J J p X p ,  

where ( )eX  follows a Poisson distribution with parameter e . Similarly, 

 ( ) [ ]( )2 2
1 0E 1  E Ee eE E

� � � �= - + � �� �J p , 

since ( )Var X e eE � � =� � . Finally , we have : 

[ ] [ ] [ ] [ ] ( )2 2
1 2 E 1 2 E 1 2 0E E E | E E | E | 1 Ee e e eE � �� � � �= E = = E = E = = -� � � � � �J J J J J J p , 

where we are using the fact that conditional on eE = , 1J  and 2J  are independent.  
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Clearly [ ]2
1 1E E� � ³� �J J . Equality would mean 0 1=p , which is excluded by assumption, or 

2E 0eE
� � =� � . The latter would violate the assumption that ( )E 0 1<H  . Hence, [ ]2

1 1E >E� �
� �J J , 

and we can solve for  0p  to obtain : 

 
[ ]

[ ]
1 2

0 2
1 1

E
1

E E

E

E E

= -
� � -� �

J J
p

J J
. 

This allows us to identify the marginal mixing dist ribution HE  for, suppose that we had 

two distributions, HE  and KE ,  giving rise to the same probability distribution  of 1J  and 

2J . Then we could determine 0p  from the formula above. Furthermore, the character istic 

functions of 1J  under HE  and KE  must be equal : 

( ) ( ){ }( ) ( ) ( ) ( ){ }( ) ( )0 0 0 00 0
1 exp exp 1 1 exp exp 1e e e e

+¥ +¥

E E
� � � �+ - - = + - -
� � � �� �p p it dH p p it dK . 

Hence, 

( ){ }( ) ( ) ( ){ }( ) ( )
0 0

exp exp 1 exp exp 1e e e e
+¥ +¥

E E- = -� �it dH it dK  

and the theorem of Teicher allows us to deduce that  H KE E= ; the marginal distribution is 

identified. A similar proof applied to a rollover w eek allows us to identify the mixing 

distribution HX . 

We can extend these arguments to show that the comp lete mixing distribution is 

indentifiable from observations on successive weeks  with different rollover states. Suppose 

that H  and K  are mixing distributions which induce the same pro bability distribution of 

sales in two such weeks. The characteristic functio n corresponding to H is 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 2

1 2

1 2

1 2

2
0 0 0 0 00 0

2
0

2
0 0 0 0 00 0

2
0 0 0

1 exp 1 exp

1 exp exp ,

1 exp 1 exp

1 exp exp , .

e e x x

e e x x e x

e e e x x x

e e x x e x

+¥ +¥

+¥ +¥

E X

+¥ +¥

� + - - + - - +�

�- - -
�

= + - - + - - +

- - -

� �

� �

� �

it it

it it

it it

it it

p p p e p p e

p e e dH

p p p e dH p p e dH

p e e dH
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If this is equal to the characteristic function cor responding to K , we may use the fact 

established above that E E=H K , and X X=H K 3 to deduce that, for all real 1t  and 2t , 

( ) ( ) ( ) ( ) ( ) ( )1 2 1 2

0 0 0 0
exp 1 exp 1 , exp 1 exp 1 ,

e x e x
e x e x

+¥ +¥ +¥ +¥
� � � � � � � �- - = - -� � � � � � � �� � � �it it it ite e dH e e dK .  

A bivariate version of Teicher’s result, proved in the appendix, allows us to deduce that 

H K=  as required. 

When the draw week and the diary week do not coinci de the same line of proof leads to 

the identification of 0p  and ( ),H e x . In a first step we show that a single diary week 

observation, with 0=wR , 1 0+ =wR , allows the identification of the mixing distribut ion 

( ) ( )( ) [ ] ( ) ( ) ( )0 0 0 0=0l
2 2e

a b e
e b a a a b b eE E E

� �� �= + + + + + + + � �� � 	 

� k k

k k k k k kG p p p p H H . 

Next we can show that the characteristic function o f two diary week observations with 

0=wR , 1 0+ =wR , 2 0+ =wR  differs from the characteristic function of two in dependent 

Poisson variables with GE
�  as a mixing distribution. Given the identification  of 0p  and HE  

we can proceed to demonstrate the identification of  ,HE X  by allowing the rollover state to 

differ between draw weeks. 

4 Estimation Method 

Although our model can not be written as a mixture of Poisson distributions, it is 

nonetheless a mixture (see equation (4)). Within th e context of densities belonging to the 

exponential family, Lindsay (1983(a), 1983(b)) 4 shows that the maximum likelihood 

estimator of an unknown mixing distribution is reac hed by a discrete and finite 

distribution. A natural way to maximise the likelih ood of the sample in this context is to 

implement the Expectation/Maximisation (EM) algorit hm 5 (Dempster, Laird & Rubin, 

1977). The EM algorithm is a general approach to th e problem of maximising a likelihood 

in the presence of missing data. In our case we hav e two types of missing data : the 

3 The latter is proved using an argument similar to that used to prove the former. 
4 See Heckman & Singer (1984) for an application of these ideas to duration models, and 
Lancaster (1990) for an exposition. 
5 Or its extension the Expectation/Conditional Maxim isation described in Meng & Rubin 
(1993). 
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individual type and, because of our sampling frame,  the purchase per draw week (as 

opposed to the observed purchase per diary week). T he principle of the EM algorithm is to 

calculate first (E step) the expected quantities of  the missing observations given some 

values for the parameters.  The M-step is the resul t of the maximisation of the expected 

likelihood with respect to the parameters given the  value of the expected quantities. The 

output of the M step becomes the input for a furthe r cycle of E step and M step, which are 

repeated until convergence. The main property of th e EM algorithm is that an EM cycle 

always improves the likelihood, Meng & Rubin (1993) . However, the EM algorithm does 

not guarantee convergence to either a global or a l ocal maximum 6.  

The starting point is to consider the likelihood of  the latent model. Suppose we have H  

distinct types and write f h , with 0hf ³  for all h and 
1

1,
H

h
h

f
=

=�  for the proportion of the 

population of type h (=1,…,H), and write he  [ hx ] for the value of e  [ x ] for type h (slightly 

abusing our earlier notation). The likelihood for i ndividual i  is7  

(5) ( ) ( ) ( )( )
22 ,

, ,, 00

,

21

0 0 0
1

L 1 ,
kk ii h i

iw q i w q iw q i qq

w q i

H
ky jy

i h hq
h

p p
d

lf p e
--

+ ++ ==

+

--

=
=

��µ - Õ Õ  

where ik discriminate between diaries that cover only two we eks ( )1ik =  and diaries that 

cover three weeks ( 0ik = ), ,dh i  is 1 if individual i belongs to type h  (in which case the 

individual specific effects take the values eh  and xh ) and 0 otherwise. Note that the 

parameters to be estimated are { } { }1...
, ,f e x

Îh h h h H
, the list of locations and weights for the 

individual specific effects, and 0p . The individual log-likelihood becomes : 

(6) 
( ) ( ) ( )( ) ( )

( )( ) ( )( ){ }

2 2
0 0, 0 , 0

2

, , , , , ,0
1

ln L ln 1 ln 1

ln 1 1 .

i i

i

k k
q qi w q i w q i

H
k

h i h w q i h w q i h w q i h w q i h w q iq
h

y p y p

j R R R Rd f e x e x

- -
= =+ +

-

+ + + + +=
=

µ + - - +� �

� �+ - + - - +
� �� �

 

Consider now the expected log-likelihood given the observation of 1,in tickets purchased in 

the first diary week and 2,in in the second diary week : 

6 Nevertheless, see Meng & Rubin, 1993, for conditio ns which ensure convergence to a 
global maximum (Corollary 1) 
7 Since the p i

i
, Î { }1,... ,7  , are assumed to be known, we treat them as consta nts in the 

likelihood. Hence they do not appear in the express ion (5). 
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(7) 

( ) ( ) ( )

( )

( )( )

1, 2,

2 2

, 1, 2, 0 , 1, 2, 0
0 0

, 1, 2,
1

, , , , 1, 2,

E ln L | , ,

E | , , ln 1 E | , , ln 1

ln E | , ,

ln 1 E | , ,

i i

i i i i

k k

w q i i i i w q i i i i
q q

H

h h i i i i
h

h w q i h w q i h i w q i i i i
q

k n n

y k n n p y k n n p

k n n

R R j k n n

f d

e x d

- -

+ +
= =

=

+ + +
=

� � µ� �

� � � �
� � � �+ - - +� � � �� � � �� � � �

	 
 	 


� � +� �

� �- + � �

� �

�

( )( )

2

1 0

2

, , , 1, 2,
1 0

1 E | , , .

i

i

kH

h

kH

h w q i h w q i h i i i i
h q

R R k n ne x d

-

=

-

+ +
= =

-

� �- + � �

� �

� �

 

In the context of our model the expectations are st raightforward (if tedious) to compute 8. 

We will write { }
{ }

t
1, 2, 0

1...

ˆ ˆˆˆE | , , ; , , ,f e x
Î

� �·� �� �
t t t

i i i h h h
h H

k n n p  for the conditional expectations given the 

observations and the value of the parameters for th e t th  cycle of the algorithm. The outputs 

of the M step are easily calculated, since analytic al expressions can be obtained 9. 

Maximisation of the expected log-likelihood leads t o the general form for the update of 0p  

: 

(8) { }
{ }

{ }
{ }

( )

2
t

, 1, 2, 0
1...1 01

0 0
1...

1

ˆ ˆˆˆE | , , ; , , ,
ˆ ˆˆˆ ˆ , , ,

3

ikI
t t t

w q i i i i h h h
h Hi qt t t t t

h h h Ih H

i
i

y k n n p

p p
k

f e x
f e x

-

+
Î= =+

Î

=

� �
� �� �� � =	 


� � -

� �

�
. 

Furthermore we obtain the analytical expressions fo r the updates for f h ,eh  and xh  as 

follows: 

(9) { }
{ }

1
0

1...

1

ˆ
ˆ ˆ ˆˆˆ , , , ,

ˆ
f f e x+

Î

=

� � =� �
� � �

t
t t t t t h
h h h h Hh H t

h
h

A
p

A
 

(10) { }
{ }

1
0

1...

ˆˆ
ˆ ˆˆ ˆˆ , , , ,

ˆ
e f e x+

Î

-� � =� �
� �

t t
t t t t t h h
h h h h th H

h

B C
p

D
 

(11) { }
{ }

1
0

1...

ˆ
ˆ ˆ ˆˆˆ , , , ,

ˆ
x f e x+

Î

� � =� �
� �

t
t t t t t h
h h h h th H

h

C
p

E
 

8 The independence between the day of purchase and t he amount purchased lead to simple 
expressions. Note that these expression depend on t he timing of the observations, i.e. they 
depend on a k  and b k .  The expressions of the conditional expectations are available upon 

request from the authors. 
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where : 

{ }
{ }, 1, 2, 0
1...=1

ˆ ˆ ˆˆˆ= E | , , ; , , ,  d f e x
Î

� �
� �� �

�
I

t t t t t
h h i i i i h h h

h Hi

A k n n p , 

{ }
{ }

2

, , 1, 2, 0
1...=1 0

ˆ ˆˆ ˆˆ= E | , , ; , , ,  
ikI

t t t t t
h h i w q i i i i h h h

h Hi q

B j k n n pd f e x
-

+
Î=

� �
� �� �

� � , 

{ }
{ }

2

, , , 1, 2, 0
1...=1 0

ˆ ˆ ˆˆˆ= E | , , ; , , ,  
ikI

t t t t t
h w q i h i w q i i i i h h h

h Hi q

C R j k n n pd f e x
-

+ +
Î=

� �� �
� �� �	 
� �

� � , 

( ) { }
{ }

2

, , 1, 2, 0
1...=1 0

ˆ ˆˆ ˆˆ= 1- E | , , ; , , ,  
ikI

t t t t t
h w q i h i i i i h h h
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5 Data Description and Results 

We use information about lottery expenditure contai ned in the individual expenditure 

diaries collected within the Family Expenditure Sur vey from the second week in 

November 1994 to the last week in March 1996. This corresponds to the first 72 weeks of 

the National Lottery in the UK. An individual expen diture diary covers a week of 

expenditure. Each individual surveyed is asked to r ecord her/his expenditure in the 

diaries for two consecutive weeks. We are able to o bserve the lottery expenditure in each 

of the expenditure diaries for about 16800 individu als. Therefore, our data can be viewed 

as a panel. Figure 1 shows the distribution of the number of lottery tickets bought in each 

diary week. (In order to judge the importance of ea ch group we have randomly scattered 

the observations around their co-ordinates.) There is clearly a large number of individuals 

who never purchase tickets. Nevertheless a sizeable  proportion of the observations are 

observed along the diagonal which suggest a regular  pattern of expenditure. The 

continuous line on Figure 1 shows the average expen diture in the second diary week 

conditionally on the first diary week expenditure. It reveals the increasing relationship we 

expect a priori. 

9 Again details of the calculation can be obtained f rom the authors. 
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The UK National Lottery is a 6 out of 49 design 10. During the sample period there was a 

single weekly draw (on Saturday) offering cash priz es, most of which were related to the 

sales revenue. About 45% of the revenue is returned  as prizes (see Farrell et al, 2000, or 

Farrell and Walker, 1999, for more details). During  the sample period jackpots have often 

been rolled over. Our data allows us to observe 15 variations in the lottery expected 

return, 13 are rollovers (weeks 4, 9, 20, 24, 28, 3 0, 34, 40, 44, 59, 60, 62, 63), whereas 2 are 

‘‘super-draws” (the National Lottery added a fixed amount to the jackpot prize pool in 

weeks 8 and 17). Thus, the identification of the he terogeneous responses does not rely on 

events that are rare. 

Because diary weeks mostly do not start on a Sunday  (i.e. exactly after a draw) the great 

majority of diary weeks cover two draw weeks. Figur e 2, shows the variation across time 

(x-axis) of the average expenditure (y-axis) on lot tery ticket per week, per first day of the 

diary weeks (panels). The vertical lines indicate w hen an increase of the expected return 

of a lottery ticket occurred, dashed for single rol lovers or super draws, and continuous for 

double rollovers. On the basis of this figure the a ssociation between changes in expected 

return and number of ticket purchased is unclear. F igure 3 shows how many observations 

make up the different means. Note the fall in the n umber of observations from week 7 to 9 

and 59 to 61, which correspond to the Christmas Hol idays (and, unfortunately, to the 

occurrence of rollovers and double rollovers) 11. Sundays and Saturdays are less likely to be 

the first day of a diary week. This explains the er ratic behaviour of the average 

expenditure we observe in the top panel in Figure 2  (and, to a lesser extent, the behaviour 

of the average expenditure of diaries that start on  a Saturday, bottom panel, Figure 2).  

Table 1 compares the mean and variance of the ticke t purchases for the five possible 

sequences of two weeks. Note, that. the table is co nstructed as if diary weeks and draw 

week coincided. The effect of a rollover is clear :  it increases the average purchase and its 

variance. It does not seem to have a significant ef fect on the week following it. 

Furthermore note the relatively small number of obs ervations that experience a double 

rollover. For the purpose of estimation, we do not distinguish between double rollover 

weeks, super draw weeks and single rollover weeks. 

10 This means that participants choose 6 different in tegers from 1 to 49, and win the 
jackpot if their choice is equal to a random draw. The probability of winning is 
approximately 1 in 14 millions. 
11 The 4 week cycles which we observe in the Tuesday and Wednesday panel of Figure 3 
are apparently features of the data collection. 
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The Office of the National Lottery, the regulator o f the game, made available to us 

confidential information concerning the exact daily  frequency of purchase of lottery tickets 

during 4 typical weeks in 1995. We set the paramete rs , 0>ip i  to an average of these 

values. This reflects our modelling assumptions of independence between the amount 

purchased and the contact process. Without disclosi ng the exact quantities, these imply 

that most of the purchase is done at the end of the  week (Friday and Saturday).  

We start the estimation process by setting the numb er of types equal to 2. We always 

include a type (by convention, the first) who never  participate : ( ) ( )1 1, 0,0e x = . We then let 

the number of type increase. We introduce one more type at a time. The starting value for 

the location of the new type is chosen to minimise the Gateaux derivative of the likelihood 

function in the direction of a degenerate one point  mixing distribution (for more details 

see Lancaster, 1990). To that effect, we perform a simple grid search in the ( ),e x -plane 

within the rectangle [ ] [ ]0,15 0.1,20´ 12. We stop adding types when, for every point of the  

grid, the Gateaux derivative is within a specified tolerance around zero. For our data, the 

algorithm stops at 11=H . However, Figures 4 and Figure 5 show that a small er number 

of types can represent the data adequately. 

Figure 4 and 5 presents graphically the results fro m the estimation of the model described 

in the above sections, given the fixed values of , 0>ip i . Figure 4 presents the position of 

the individual specific effects for each type in th e ( ),e x e- -plane, and while Figure 5 

conveys the same information in the ( )( ),e x e e- -plane. Hence in Figure 4 the y-axis 

measures absolute changes in expenditure caused by a rollover, whereas in Figure 5 the 

y-axis measures relative changes resulting from a r ollover. In the latter case the position 

of ( ) ( )1 1, 0,0e x =  is not defined but we represent it at (0,0). Furth ermore, if the estimated 

probability of any type is less than 310- , it is omitted from the figures. The estimated val ue 

of f h  is reported inside a circle centred around the est imated values ( )ˆˆ ˆ,e x e- , resp. 

( )( )ˆˆ ˆ ˆ,e x e e-h h h h . The radius of this circle is proportional to the estimate ˆf h .  

12 Every step requires the grid to be redefined so th at it does not lead to the evaluation of 
the Gateaux derivative of the likelihood function a t a location that already defines a type. 
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Allowing the number of types to increase from 3 (th e least non-trivial number of types) to 

4 and then to 5, reveals an increasingly heterogene ous population. Heterogeneity is 

present in both aspects of the purchase process : i ndividual types differ in their ‘‘normal 

week’’ expected purchase as well as in their respon se to rollovers. Furthermore, note that 

the different types differ in their absolute respon se to a rollover, Figure 4, as well as in 

their relative response to a rollover, Figure 5. As  the bottom left panel (5 types) shows, the 

positive expected purchase in a normal week ranges from around 1.4 to above 10, whereas 

the relative change induced by a rollover ranges fr om around -0.04, for a “normal week” 

expected purchase around 10, to 0.13, for a ‘‘norma l week’’ expected purchase around 1.4.  

The results suggest the presence of three distinct groups of purchasers of lottery tickets. 

Firstly, there are non participants (43%). Secondly , there is a group (42%) of individuals 

who purchase a few (1 or 2) tickets in non rollover  weeks and are rather sensitive to 

increases in the expected return on tickets. Member s of the final group purchase a 

substantial number of tickets each week and react o nly mildly to rollovers. Loosely, we 

can divide participants into fun purchasers and ser ious persistent gamblers. These 

conclusions do not change substantially when we con sider more types. The more fine-

grained results in the bottom panels divide serious  gamblers into two groups who spend 

around £4 per week or £10 per week. Interestingly t he latter are less sensitive to changes 

in return. With a larger number of types, say 10, i n the bottom right panel, we discover 

only one new distinct type with an expected normal week expenditure of 2, an expected 

relative response to change of 0.17 and a populatio n weight slightly less than 8.5%. 

Moreover this increase in heterogeneity results in only a small change of the value of the 

log-likelihood 13. Furthermore, note that increasing the number of t ypes from 5 to 10 has 

no significant effect on 0p . The magnitude of 0p , viz. 0.038, indicates that the probability 

of not meeting a retailer is small as might be expe cted a priori 14. Finally, note that our 

data does not allow us to distinguish types who do not participate in normal weeks but 

participate when there is a rollover 15. 

13 In the context of estimation of mixture models the  likelihood ratio is not distributed as a 

c 2  distribution. Our results are close enough to rule  out a significant improvement of the 

likelihood. 
14 In fact, if we rely on the perfect observations on ly for which 1=k  (there are 54 of them), 

the point estimate of 0p  obtained using the formula that establishes identi fication is 

0.045, which agrees with the MLE estimates we prese nt here. 
15 This seems to be a feature of our data. We added a  type with no normal week 
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6 Conclusion 

Some household expenditure surveys measure househol d expenditure from individual 

expenditure records covering a short period in time  (2 weeks). For example, individuals 

surveyed by the UK FES are asked to report their ex penditure over a fortnight period 

using weekly expenditure diaries. This paper discus ses the possibility of exploiting price 

variations that may occur during the fortnight surv eyed to identify and measure 

heterogeneous demand responses. This is possible si nce such surveys typically contain a 

large number of observations.  

In this paper we illustrate the feasibility of the approach in the case of the demand for 

lottery tickets. Since lottery tickets are indivisi ble items, a count data model describes 

appropriately the observed data. The heterogeneity takes the form of a mixture over two 

parameters : the demand in normal weeks, and the de mand in rollover weeks. Our 

estimates imply that there is substantial heterogen eity in the population both in the 

normal expenditure levels and in the reaction to a rollover.  

expenditure, and attempted to estimate the rollover  expenditure. The population weight 
for this type was zero. 
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Appendix 

For any pair of complex variables 1 2,z z  and cumulative distribution function H , we will 

define : 

( ) ( )1 2 1 20 0
, ; ,z z H z z dHe x e x

+¥ +¥
Y = � � . 

Also, for any real t, write ( ) ( )exp 1f = -itt e .  

Theorem  

Let H  and K  be two bivariate distributions over the non-negati ve orthant . Then  

( ) ( )( ) ( ) ( )( )1 2 1 2, ; , ;t t H t t Kf f f fY = Y , for all 1t  and 2t , implies =H K . 

Proof (a straightforward extension of Teicher, 1961) : 

Choose any real 2t  and observe that for 10 1< <z , ( )( )1 2, ;z t HfY  is an analytic function of 

1z . Since  

( )( ) ( )( )1 2 1 2, ; , ;z t H z t Kf fY = Y  

holds if ( )1 1f=z t  for any real 1t , it also holds for all 1z  satisfying 10 1< <z  (Identity 

Theorem for analytic functions, Theorem 16-11 in Ap ostol, 1957). By setting 1
1 r= itz e  for 

any real ( )0,1r Î  and taking the limit as 1r ®  we can extend this equality to the 

boundary of the unit circle, i.e. 

( )( ) ( )( )1 1
2 2, ; , ;it ite t H e t Kf fY = Y ,  

for all real 1t  and 2t . A similar argument, using the fact that ( )1
2, ;ite z HY  is an analytic 

function of 2z  for 20 1< <z , establishes : 

( ) ( )1 2 1 2, ; , ;it it it ite e H e e KY = Y , 

for all real 1t  and 2t .The inversion theorem for characteristic functions  of bivariate 

random variables (Monfort, 1980) then allows us to deduce that =H K .  
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Figure 1 : Ticket Purchase First Week vs. Second We ek 

 

Table 1 

Rollover status  Expenditure 
First Week Second Week  First Week Second Week 

No Rollover No Rollover 
mean 

std-dev. 
N 

1.16 
2.24 

10769 

1.09 
2.22 

10769 

Rollover No Rollover 
mean 

std-dev. 
N 

1.34 
2.16 
2254 

1.10 
1.94 
2254 

No Rollover Rollover 
Mean 

std-dev. 
N 

1.20 
2.10 
2464 

1.27 
2.52 
2464 

Double Rollover No Rollover 
Mean 

std-dev. 
N 

1.39 
1.98 
361 

1.15 
1.69 
361 

Rollover Double Rollover 
Mean 

std-dev. 
N 

1.34 
2.01 
254 

1.16 
1.92 
254 
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Figure 2 : Average Expenditure per Week, per First Diary Day 

panel : first day of the weekly diary 
x-axis :week number  

y-axis :average expenditure on lottery tickets.
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Figure 3 : Number of Individuals Surveyed per Week,  per First Diary Day 
 

 
 

panel : first day of the weekly diary 
x-axis :week number  

y-axis : number of individuals surveyed.
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Figure 4 : Individual Heterogeneity in the ( ),e x e-  plane 

x-axis : e .  

y-axis : x e-  
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Figure 5 : Individual Heterogeneity in the ,
x e
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e
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 plane 

 

x-axis : e .  
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